
Topic 7-[second order linear homogeneurs

constant crefficient ODEs



2ndorderin a

coefficient

We will now
learn methods

to find the solutions to

2nd order equations.
We

start with the simplest
Ones we can .

These are

azy" + a
, y + a

. y = 0

Where as ,
a, ,

go are

constants ,
az0



=
"
- 7y' + 10y = 0

Y
↑ ↑ *⑰t

-

Def: The characteristic
-

equation of
-

azy" + a
, y + a

. y = 0

is

+a
,
r + a. = 0



E: The characteristic

equation of

y"- 7y + 10y = 0

2- zu + 10 = 0

Why do we do this ? The

of the characteristic
roots

equation tell us the solution

to the differential equation.

-

Below we give formulas for

how to solve any" + a , y' + any = 0.

At the end of these notes are

the proofs of why these formulas work.



Formulatime Consider

azy" + a
,
y + ay = 0 (*)

where Ga ,
a ,

go are
constants

three
and 9270 . There are

roots
cases depending on the

of the characteristic

equation azr2 + a
,

r + 9. = 0.

TMX

&



acce2
: If the characteristic

equation has a repeated rea I

rootIthe their
Lase3 : If the characteristic

tion has imaginary
equa 2 = alpha
roots LiBX B = beta[i=- I

then the solution

to (*) is

=c
,
e*

cos(px) + ce
**

sin(BX)

&



Ex: Solve[y"- 7y+ 10y = 0

characteristic equation :

r2 7r + 10 = 0

The roots are :

=
=2

=
= 5,is



r = 5
, r

= 2

um
Answer :

SX#n= e + Gex

#+ 4y = 0
Y

The characteristic equation is

r2 4r + 4 = 0

The roofs are :

=(



=E= = 25 real
root
r = 2

2Answer:+x
-

per+Xerx



y= 0

The characteristic equation is

r= 4r + 13 = 0

The roofs are

=4(11(1)

&= S

=
2

=Hii



⑰ALL 2 + 3i , 2- 35

-formula:

roots : < I Bi

solution : In= c
,
ecos(BX) + cesin(Bx
-

In our example,
=Bi = ZISi

So
,

< = 2
, B = 3.

Summary : The general solution to

y"- 4y'+ 13 y = 0[is 2x

yu
= ce

**

cos(3x) + Gesin(3x)



# Solve :

4Jy'(d) = 1

First we solve

4y"- y= 0

The characteristic equation is

42 r = 0

Just factor

() = 0

41 - 1 = 0
r = 0



r = "4

So we get two distinct

real roofs r = 0,z
=4-

to
So

,
the general solution

1 case I

4y" - y
= 0 is : from

mon .

↑ X
theorem

yn = pe + ce

X/4
= c

,
+ 222

↑

=1

Now we
make the solution

also satisfy y(0) = -1
, yo = 1.

We have



Yn = c + Cze
* /4

x/4

2n = +ze
Need to solve :

yh(0) = 1
-TYn(0) = - I 04

=[
e=

E
② says 2= 4

Plug 2= 4 into 0 to get c
,

+ Y =

So , < = - 5 .



Thus ,
X/4

yu = c
,
+ 32

X/4
=

- 5 + 4e

x/4
So

,
yu= -Ste is the solution

to

4y"- y= 0, y(0) =1
,
y() = 1#Tyu=

- S + 4e
* 14

X

........



-

Below are proofs

of why the6
-

formulas given
for

the3 casea true



Let's analyze the cases starting with cases 1 & 2.

Suppose the characteristic equation

a
,
r + a

,
r + 90 = 0

of /

azy" + a ,y + a . y = 0

has a real root M

Then ,

ar+ a ,
+ + a. = 0

Consider the function f(x) = er *

Then ,
f(x) = re

,
f"(x) = re

So , pluggingf into the ODE gives

acf" + a ,
f + not

rx

= are + a ,

we + a .

e

=
ex (a2r+ a

,
r + ad

=
eY(0)

= 0

Thus ,
f(x) = e

t is a solution to

azy" + a
,
y + a + y = 0



sel:Supposerist
area

characteristic polynomial with r, %2 .
Then

f
,
(x) = eiX and fa(x) = e

** both solve

the ODE and the Wronskian is

E2Xr
, X C

weix, erX) =

e

rX 52XI re rzC
I

(r,
+ rz)X (r+ (2)Y

= Re - r,e

cri + 12)X
+0 for any X

= (rz - r
, )eu
-

E-r,
+0 eliti , 0

Thus
,

f,(x) = e
*

and fulx) = eat are

linearly independent and every
solution

to any" + aiy' + any
= 0 will be of

the form

Yn = c
,
e** + Ge

Y



:Supposthe characteristicpolynomiaas
We know from

root if
but it's repeated .

r
,
X

above that one
solution will be f

,
(x) = e.

r
,
X

Let's show that another solution is f(x) = Xe .

Since r
,

is a repeated roof we get-2

act"+ a ,
u + a) = a , (r- r

,
)

= azrzazr + azrie tagbra
--

Thus
,

a
,

= -zaar ,
and as = air?

So the ODE becomes
2

any"-2acry'+ ar , y
= 0

r
,
X

Let's now plug in fa(x) = Xe.

We have
riX

fz(x) = XC

fi(x) = eix + r
,
xeix

fi(x) = re+ re+ rixe

Plugging fo into the ODE gives



auf-zaar,
fat a rife

=earixe
-re-zarixei

+ azrixeix

= xeix (a,
ri - zacr. r,

+ azri)

= xeira
= 0

Thus
,

filx) = xe** also solves the ODZ.
r

,
X

The Wronskinn of fi(x) = e
Y and fa(x) = xe

r
,
Y Xerx

is
= I

e

r
,
X

en*
+ r

,
Xe

r
,
X Iwei,

xe)
re

2r, X
zr ,

X 2r ,
X

= e + rxe
- r,Xe

= ear to for any X



This
,

fi(x) = en
*

and fa(x) = xei* are

two linearly independent solutions to

any" + anyt doy = 0 in this case and

every solution must be of the form

r
,
X

r ,
X

Yn = c
,
2 + 2xe

&
Now let's work on

iroots

↓



3:SupposethecharacteristicPolynomia
We can divide by an and we get the

same equation y"+y+y = 0. For ease

of denivation lets assume our equation
has

the form y"+ by t cy = 0 .

And suppose
we

have two complex roots : <tip and <-iB.

We claim that f
,
(x) = ed* cos(BX) and

a sin(px) will be linearly
independent

fz(x) = e

solutions to the ODE.

Since tip and d-is are roots we
know

the characteristic equation factors as follows :

r+ bu + c
= (r - (+ iB))(r - (- ip))

= r- 22r + 2 + B

Thus ,
b = - 22 and c = c+ B .

Let's show f
,
(x) = ed*

cos(BX) solves the ODE .

We have

f
,
(x) = e

*

(os(px)



fi(x) = xed"cos(BX) -Besin(ex)
* sin (BX)

f,"(x) = dedcos(ix) - ABC

- Bae
* sin(BX) - Bre

**cos(ex)

= cecos(px) - 2aBesin(BX)
- ple

*

cos(BX)

Plugging these into the UDE gives

fi + bfi + (f
,

= f
,

"
- 2af, + (2+ 3)t ,

= je*os(px) - zaBe
* sin(Bx) - Be co1(px)

- 25e* (os(px) + 2aBesin(px)

+ c ed(os(BX) + Bet  cos(BX)

= (2 B - 22 +
2 + pi)cos(px)

+ (- 24B + 2xB)sin(Bx)

= O

So
,

f
,
(x) = ed"cos(BX) solves the ODE .

Similarly you can check that fa(x) = e
*sin(BX)

solves the ODE .
Let's make sure these



solutions are linearly independent.

We have

We
*

cos(px) ,
e
*sin(px))

<Y(os(BX)
ed"sin(Bx) I2

= I netos1BX)-pesin(ox)
desin(Bx) + Bedcos(px)

=
decos(px(sin(BX) + Bed

"cos(BX

-
delsin(px(cos(BX) + pesin (px)

= Be
* ((02(px) + Sin (px)

= Be
**

# 0 for any x since BFO .

Conclusion : Every solution to the ODE is

of the form

Yn = c
,
e

*

cos(Bx) + cesin(px)


